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Abstract

In this paperwe introduce,analyzeand compareseve-
ral methods,which may be used for morphing three-
dimensionalmodels representedby point clouds. Our
methodsconsideronly thelocalgeometricinformationex-
pressedby thepoint locationsin 3D space.No additional
topologicalinformationis required.The presentedmeth-
odsallow themorphingbetweentwo modelsrepresented
by point clouds.
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1 Intr oduction

The representationof geometricmodelsby large setsof
point samples(a.k.apoint clouds)constituteone of the
canonicaldataformatsfor scienti�c datavisualization.We
canacquirepoint cloudsfrom the measurementof some
physicalprocess.Pointcloudscanrepresentsurfaces,vol-
umetricor iso-surfacedata. The availability of the mod-
ern3D scannersbringsthepossibilityto acquirepointsets
representingthesurfaceof theanalyzedsolid, thatcontain
millions of samplepoints.

Point cloud canbe for someapplicationsbetterrepre-
sentationthanwidely usedboundaryrepresentation.This
holds mainly for very complex models,such as fractal
surfaces. It is generallygood idea to storetheseobject
aspoint clouds,becausethealgorithmsfor conversionto
the surfacerepresentation(suchas polygonalmesh)are
very computationallyinvolvedandrequiregreatamounts
of mainmemory. Onereasonfor theinef�ciency of bound-
ary representationis that highly detailedmodelscontain
a large numberof small primitives,which �ll lesserarea
thana pixel whenthey areprojectedanddisplayed.

Pointcloudis theunstructuredsetof pointsamples.One
pointsampleis elementaryobject,speci�edby its location
in 3D space,normalvector, color, transparency andsize.
Singlepointsamplecanbevisualizedasasmallsphereor
a point (pixel). As presentedin [2], [4] and[5], apointset
representingthe surfaceof a modelcanbe renderedasa
solid texturedsurface.
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2 Morphing

Themorphingbetweentwo solidsis theanimation,during
whichthesolidsmoothlychangesitsshapefromoneshape
to another. Our goal is implementand analyzeseveral
methods,which may be theoreticallyapplicableto mor-
phingbetweentwo point clouds. Themethodsshouldbe
independentof the topology of the models(shouldcon-
sideronly thelocations,possiblynormalsof thepointsam-
ples)andshouldbeableto performmorphingbetweentwo
different-sizedpointclouds.

The fundamentalprinciple underlying all introduced
methodsis the�nding of themapping
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where � is the point set of the �rst (source)model and
� is the point set of �nal (destination)model. The ac-
tual morphingis the resultof the motion of the individ-
ual points on the path betweentwo points �����
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����� . In reality the situationis slightly
moredif�cult, becauseonepoint of thesourcesetcanbe
assignedto multiplepointsof thedestinationsetandvice-
versa.Thereforethemorphingcanbeexpressedby theset
of point couples� ���
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morphingcanbeperformedby thecomputingof theloca-
tion of the points %
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.-0/ is theprogressof morphing.If wechoose
thestraightmotionpaths,thefunction & will besimplelin-
earinterpolation.Theresultingnumberof pointsinvolved
in morphingis equalto thecardinalityof theset � . There-
fore thewholeproblemwith morphingcanbereducedto
the�nding of thesuitablerelation � .

The assignmentprocesscanbe basedon variouscrite-
ria. Probablythe mostcommonlyusedcriterion will be
that the total distance,which the individual points travel
during themorphing,is minimal. In this casethe �nding
of mapping� is equivalentto thesolvingof theoptimiza-
tion problem
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� is thereal-valuednonnegativemetricfunc-

tion. In thesimplestcase,wherethepathsbetweensource



anddestinationpointsarelines,theEuclideandistancebe-
tweensourceanddestinationpointsis theappropriatecan-
didatefor themetric
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��� . Themetriccandependalso
on the additionalattributesof point samples,suchasthe
orientationof bothnormalvectors.

The trivial algorithm, which �nds all possibleassign-
mentsandchoosestheoptimalsolutionbasedon theopti-
mizationcriterion, is unusablebecauseof its exponential
computationalcomplexity. Wherethis algorithmcanbe
usedfor �nding the assignmentbetweensmall point sets
(max. 10 points),the modelsrepresentedby point cloud
containthousands,possiblymillions of samplepoints.We
can�nd theassignmentby incorporatingthealgorithmsof
arti�cial intelligence(searchingin thestatespace),genetic
algorithms,or spacepartitioning(clustering).This report
introducesseveralmethodsbasedonclustering.

3 Clustering

Theideaof clusteringis to groupthepointsinto a smaller
numberof clustersand�nd the mapping � betweenthe
two setsof clusters.Themotivationbehindtheuseof clus-
tering is basicallyto reducethe problemsize, solve the
morphingon the higherlevel (clusterlevel) andthende-
scendto thelowerlevel. Thisapproachis basedon“divide
andconquer”programmingtechnique.

Clusteringis oneof generallyusedmethodsfor thesim-
pli�cation of thepoint-sampledgeometry. In theprocess
of clusteringthe unstructuredpoint cloud is divided to
several smaller, spatiallycompactsubsets(clusters).The
clusterscanbe in thenext stepof simpli�cation replaced
by singlepoint samples,whosesizewill re�ect thesizeof
replacedcluster. Two methodsof clusteringareclustering
by incrementalregion-growing and hierarchicalcluster-
ing. In our implementationwe will usethe lattermethod.
Thismethodis suitablefor ourneeds,becauseit organizes
thepoint cloudby creatingthehierarchyof thesubsetsof
point cloud. All implementedmethodsarebasedon the
methodsfor ef�cient pointcloudsimpli�cation from [1].

The hierarchicalclusteringis basedon thepartitioning
of the point cloud. The recursive algorithm divides the
point cloud � to several smallerpoint clouds(clusters).
The result of the algorithm is tree, whosenodesrepre-
sentpoint sets. The root representsthe point cloud � ,
the leavesrepresentthe terminalclusters(which are fur-
ther indivisible andwhosesizeis smallerthanthe speci-
�ed limit or whichcontainonly onepoint). Thepresented
algorithmswill beshown onthehierarchicalclusteringus-
ing binary spacedivision (BSPtree). Othersimilar data
structures,suchasoctrees,canbealsoused[4].

The hierarchicalclusteringusing binary partition per-
formsrecursivedivisionof point cloudto two partsby the
split plane. The split planeis determinedin mostcases
by theanchorpoint (usuallythecenterpoint - centroid of
thepointset)andthenormalvector. Thechoiceof normal
of the split planehasgreatimpact on the quality of the

morphing. The division algorithmis thenappliedto two
resultingpoint sets.Theclusteris dividedonly if its size
is largerthanthespeci�edlimit. In thetext below, several
possiblemethodsfor the�nding of thenormalof splitting
planeareshown. As theanchorpointof thesplittingplane
we will choosein most casesthe centroidof the point
set. For the covarianceanalysisis the centroidthe only
plausiblechoice;for theothermethodswe couldusealso
otherpoints,suchasthecenterof boundingbox/bounding
sphereof thepointset.

3.1 Orthogonal Clustering

In this straightforwardalgorithmthenormalof split plane
is chosenalternatelyin the directionof � , � and � axis,
dependingon the depthof divided cluster in the binary
tree(see�gures 1 and2).

Figure1: (a) Orthogonalclustering. 2D for illustration.
(b) First 4 stepsin 3D. Thethicknessof line indicatesthe
level of BSPtree.

Figure2: BSPtreefor �gure 1 (a). Normalvectorof the
split plateis shown for every innernode.

This methodis very easyto implement.Thedisadvan-
tageof this methodis that the point cloud is split by or-
thogonalcuts,which canbevisible during themorphing.
For thereductionof this undesirablephenomenonwe can
applya randomnoisefunctionto thenormalvectorof the
split plane.

3.2 Bounding Box Division

This methodis basedon thedivisionof the(axes-aligned)
boundingbox of the point cloud. The parametersof the
boundingbox are computedfrom the coordinatesof all
pointsamplesandtheboundingbox is split into two equal



halvesby theplaneperpendicularto its longestaxis. This
methoddoesnot necessarilyinvolve the computationof
thecentroidfor eachcluster(theanchorpoint for thesplit-
ting planecan be chosenas the centerof the bounding
box),but we must�nd thedimensionsandlocationof the
boundingbox. Theboundingbox canbespeci�edby two
points in 3D space,representingthe lower front left and
upperbackright corners.This methodleadsto decentre-
sults, comparedto orthogonalclustering. However, the
methodis more computationallyexpensive than the for-
mermethod,sincethe�nding of thecornersof thebound-
ing boxtakesseveraltimes(roughlytwice)moretimethan
the�nding of thecentroid.

3.3 Covariance Anal ysis

Thenormalvectorof thesplit planecanbefoundusingthe
covarianceanalysisof the neighborhoodof the centroid
of the point cloud. The covarianceanalysisallows us to
estimatevariouslocal surfaceproperties,suchasnormal
vectorof approximationsurfaceor surfacevariation. The
covariancematrix � of thepoint cluster� is de�ned as
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where
�

is the centroid of point set � . Since
�

is
symmetricandpositive semi-de�nite, all eigenvalues � � ,

1

� � +


�-2
�� $ are real-valued and the eigenvectors �
� ,

1
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.-2
�� $ form an orthogonalbasis. The eigenvalues
�

� measurethevariationof pointsetalongthedirectionof
thecorrespondingeigenvector.
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minimizesthe sumof squareddistancesto the neighbors
of

�

. If � is the set of points representingthe surface,
thenthe normal �&� of this planeis the approximationof
the normalof this surfacein

�

, andthe planeis the pla-
narapproximationof thesurfacein theneighborhoodof

�

(tangentplane). The eigenvalue �'� expressesin this par-
ticular casethe variationof the surfacealongthe normal

�
� , or by otherwordsit estimateshow muchthepointsof

surfacedeviatefrom thetangentplane.For moredetailed
descriptionsee[1].

Thenormalvectorof thesplit planewill bede�ned by
thecentroidof � andthelargesteigenvectorof thecovari-
ancematrix of � (which is �

G

). Thepoint cloudis always
split alongthe directionof greatestvariation,seethe �g-
ure3.

The drawback of this method is increasedcomputa-
tionalcomplexity (althoughtheasymptoticcomplexity re-
mainsthe same). Besidesthe centroidwe mustevaluate
the coef�cients of covariancematrix

�

(sincethe matrix
is symmetric,therearesix coef�cients), �nd the rootsof
characteristicpolynomial of

�

and �nally computethe
eigenvectorcorrespondingto thelargesteigenvalue.

Figure3: (a) Clusteringbasedon thecovarianceanalysis.
2D for illustration. (b) First 4 stepsin 3D. The thickness
of line indicatesthelevel of BSPtree.

4 Assignment of Points

The trees (

: and (

? createdby the clusteringof starting
and�nal point-cloudmodelin thenext stageserve asin-
put for the algorithm for the generationof assignments
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$ . Thealgorithmis prettystraightforward:
in eachstepwill beassignedoneclusterfrom (

: to some
clusterfrom (

? . In thebeginningtherootsof bothtreesare
assignedoneto anotherandtheassignmentis putto theor-
dinary queue.In thenext step,theassignment�*) :


+)

?

� is
extractedfrom the queue. If any of the clusters)

: , )

? is
a leaf, the assignmentis put againto the queue,elsethe
childrenof )

: and )

? areexamined,assignedto eachother
andtheseassignmentsareput to the queue. This stepis
repeateduntil thequeuecontainsonly theassignmentsof
type �,)

:


+)

?

� , whereat leastoneof )

: or )

? representsa
leaf in the correspondingtree (terminalcluster). For an
exampleof possibleassignmentseethe�gure 4.

Figure4: An exampleof theassignmentof points

Theway clustersareassignedto eachotherdependson
thechosenmetricfunction.Sincewehavede�nedthemet-
ric

E

onlybetweentwo points(whichwill bein ourcasean
Euclideandistancebetweentwo points,
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we have to extendthede�nition, soit couldbeapplicable
alsoto clusters.The metric
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-

��(

: , .

�/(

? is de�nedas
E

�

%!0




%'1 � , where%'0 and%'1 are
centroidsof clusters- and . respectively. Let us assume
that both treesareregular with the samedegree 2 (every
internalnodehasexactly 2 children). During the �nding
of assignmentsof childrenof sourcenode )

: to the chil-



drenof destinationnode)

? weseeksuchpermutation� of
2 elements,whichminimizesthefollowing expression:
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and
�

� arechildren(subclusters)of nodes(clusters))

: and
)

? . Thiscanbemosteasilydoneby trying all 2

�

possibili-
tiesandchoosetheoptimal.While 2 will beusuallysmall
(2 for BSPtree,4 for quadtreeor 8 for octree),this rather
brute-forceapproachis anacceptablesolution.

The algorithmpresentedabove generatesthesetof as-
signments�	�H� �

�,)

:


+)

?

�

$ , where )

: and )

? areclusters
from sourceanddestinationpoint cloudsrespectively. We
needto generatethe assignmentof individual point sam-
ples. This canbe doneby replacingthe assignmentsbe-
tweenclustersby the setsof assignmentbetweenpoints.
Theassignment��
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� , will be replacedby the setof �

assignments�*-
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� , where � �������
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� . Assuming
that ����� , this set can be describedas mappingof the
set � onto theset 
 . Theactualmappingwe canchoose
deliberatelyor wecanapplysomecriteriabasedonmetric
function. The only importantfeatureof this mappingis
that it shouldbe uniform in the sensethat the numberof
pointsfrom � assignedto individualpoints -

�#�


 should
befor all points -

� approximatelythesame.Thesituation
canbesimpli�ed if we setfor theclusteringalgorithmthe
maximumlimit for theclustersizeto 1, sotheassignments
betweenclusterswill bealwaysof type - �! or  � - .

4.1 Linear Interpolation

By computingtheset � of theassignmentsbetweenindi-
vidual point sampleswe have reducedwhole rathercom-
plicatedproblemwith point cloud morphingto the triv-
ial problemof morphingbetweentheassignedpointpairs.
Consideringthe straight pathsbetweenassignedpoints
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��� , we cangetthecoordinatesof thepointsof transi-
tion point cloud % � usingthelinearinterpolation
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where ( is theprogressof morphing.This canbeapplied
not only to thecoordinates,but alsoto otherpropertiesof
point samples,suchascolor (red,greenandbluecompo-
nents),transparency or size. With the normal, the situa-
tion is slightly moredif�cult. The interpolationof indi-
vidual componentsof the normal is not optimal,because
duringtheinterpolationthelengthof normalandtheangu-
lar speedof vectorrotationis notconstant(asit shouldbe).
The�rst problemcanbesolvedby thesubsequentnormal-
izationof normalvector. Thebetter(andslower) solution
is to rotatethe normalvectorinsteadthe interpolationof
the components.In mostcases,however, the differences
betweenresultsof methodswhich useinterpolationwith
normalizationandrotationarenegligible.

Anotherpossiblesolutionis to usethepolarcoordinates
for normals,soinsteadof coordinateswehaveto storethe
angles(sinceall normalsareunit vectors,we do not have
to storethe lengthof vector). The linear interpolationof
angleswill yield correctresults.During therenderingthe
angleshave to be transformedbackto the normals. This
methodwill givethesameresultsastherotationof vectors
andis fasterandlessmemoryexpensive(we have to store
two anglesinsteadof threecomponentsof normal).

5 Implementation and Testing

For thepurposesof testingwehavedevelopedanapplica-
tion thatcanloadtwo pointcloudmodels,performthenec-
essarydatapreprocessing,performthe hierarchicalclus-
tering, generatethe assignmentsbetweenpoint pairsand
visualize the actualmorphingprocess. Our application
waswritten in C++ usingOpenGLandQt 2.3.0andcom-
piledby MSVC 6.0underWindows. Somedatastructures
andtheformatof input �les wereadoptedfrom theexist-
ing applicationQSplat[6] (avisualizationsystemfor point
cloudmodels).

Theimplementedmethodsfor morphingbetweenmod-
elsrepresentedbyapointcloudhavebeentestedontwenty
pairs of models. For someof the pairs the computation
timesof theprocessof �nding of theassignmentof points
have beenmeasured.The asymptoticcomplexity of the
orthogonalclustering,the clusteringbasedon thecovari-
anceanalysisandthecomputationof theassignmentof the
pointshavebeencalculated.

Theorthogonalclusteringandtheaxes-alignedbound-
ing box division have the $

�

2


&%('*)

G

2 � complexity. The
clusteringbasedon the covarianceanalysishave alsothe

$
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+%('*)

G

2 � complexity, they differ only in constant.The
computationof theassignmentof thepointshasthe $

�

2 �

complexity.
The measureddurationsfor the testedpairsof models

aregivenin thetable1. Threepairsof modelsweretested:
thesphereandtheStanfordbunny (bothmodelshave the
samenumberof points),theAfrican maskandtheChrist-
masstar, and�nally the lion andthedinosaur. The mea-
suredtimescorrespondto thefactthattheasymptoticcom-
plexitiesof all testedclusteringmethodsdifferonly in con-
stant.

We have decreasedthe computationalcomplexity and
thetotal timespentby �nding theassignmentsby allowing
to storethe oncefound assignmentsof points to �le and
thenloadit again.

Theprogressof morphingof thetestedpairsof models
usingvariousclusteringmethodsis shown on the �gures
6-10(morphingof thesphereto thebunny), �gures 11-15
(morphingof theAfrican maskto theChristmasstar)and
the �gures 16-20(morphingof the lion to the dinosaur).
Besidesfour testedclusteringmethods(orthogonalclus-
tering,orthogonalclusteringwith randomnoise,bounding
box division, covarianceanalysis)thereis alsoshown for



Models sphere-bunny mask-star lion-dinosaur
� �����

35 285 54 773 183409
� �����

35 285 75 782 56 195
�
	��

2s 7s 16s
� 	���


2s 7s 16s
���������

7s 25s 73s
�����

20s 78s 302s

Table1: Measuredtimes

the sake of comparisonthe casewhenthe assignmentof
pointsis chosenrandomly.

In the table1,  �   is thesizeof thepoint cloudof the
sourcemodel and  �

G

 is the size of the point cloud of
the destinationmodel. The values (���� , (
����� , (
�������

and (
��� are the times spentby computingthe assign-
ment of the points for the morphingusing the orthogo-
nal clustering,orthogonalclusteringwith randomnoise,
axes-alignedboundingboxdivisionandcovarianceanaly-
sisrespectively. Thevaluesweremeasuredonsystemwith
processorAthlon 1GHzand256MB RAM.

6 Discussion

In this sectionwe will discusstheproblemsthatprovides
theimplementedmethods.Themainproblemis theocca-
sionaloccurrenceof cracksin themodelduring themor-
phing. Thecracksoccurbecauseof thespacepartitioning
and the non-convexity of the shape. Our opinion is that
thisproblemcannotbeeliminatedonly ontheassumption
of the sumof squareddistancesas the criterion of qual-
ity. This criterion is usableonly for convex shapes.In a
convex shapeevery surfacepoint canbe connectedwith
every othersurfacepointswith a line without intersecting
thesurfaceof theshape.If a convex shapeis dividedby a
split planethentheresultsarealwaystwo convex shapes.
On theotherhandanon-convex shapecanbedividedby a
split planeto any numberof convex or non-convex shapes
andthis is the main reasonfor the occurrenceof cracks,
see�gure 5.

Alexa et al. have presentedin [3] methodsfor trans-
formationof anon-convex B-repshapeto aconvex shape.
The3D manifoldobjectsarehomeomorphicwith asphere,
so theunit sphereis the convex shapeon which thenon-
convex shapesshouldbetransformed.Thosemethodscan
beadaptedfor thepoint cloudrepresentation.

Oneclassof shapesarethestarshapes.For a starshape
exist at leastonepoint $ inside the shapewhich canbe
connectedwith every boundarypoint of the shapewith
a line without intersectingthe surfaceof the shape.The
point $ is calledorigin. If thecoordinatesystemis trans-
formedto betheorigin $ in its centerandthecoordinates
of eachboundarypointnormalizedthenthestarshapehas
beentransformedto theunit sphere.Themainproblemis
to �nd whethera shapeis a starshapeor not and�nd the

Figure5: (a) The sourceshape.(b) The target shape.A
crackwill occurbecauseof the non-convexity of source
shape.

origin $ , especiallyfor point cloud representationwhere
no informationaboutthesurfaceis included.

Secondclassof shapesarenon-convex non-starshapes.
This classof shapescanbetransformedto unit sphereus-
ing the barycentricmapping. The barycentricmapping
usesa simpleideathateverypoint is placedin centroidof
its neighbors.Theshapeshouldbedown-sampleduntil it
is aconvex shape.Thecoordinatesystemshouldbetrans-
formedto be the centroidof the shapein its center, then
thecoordinatesof thepointsshouldbenormalized,andthe
down-sampledpointsshouldbeup-sampledonunit sphere
respectingtheideaof barycentricmapping.

In this casethe paths can not be lines. The paths
should dependon function which transformsthe non-
convex shapeto unit sphere.

Theseproblemsarerathernon-trivial onesandthe fu-
turework will befocusedon theseparticularproblems.

7 Conc lusion

For convex or just a little bit non-convex modelsgivesthe
bestresultsthemorphingbasedon theorthogonalcluster-
ing. Thegenerallybestmethodfor non-convex modelscan
notbechosen.Thetestinghasprovedthattheresultsof all
methodsdependontheshapesof thesourcemodelandthe
targetmodel.

Thesemethodsarenot usablefor high-qualitymorph-
ing, so the methodshave to be improved. The sum of
squareddistancescannotbeusedasonly criterionof qual-
ity for non-convex shapes.Non-convex shapeshave to be
transformedto convex shapes.

7.1 Features
� Pointcloudmorphingallows morphingbetweentwo

pointcloudsrepresentinggeometricmodelswith dif-
ferent topologiesthat cannot be transformedeasily
one to another(i.e. sphereto toroid) and even for
models,for which thereis no clearnotionof surface
(e.g.vegetation).



� Cracksoccurin themodelduringamorphingbecause
of thespacepartitioningandthenon-convexity of the
shape.

7.2 Future Work
� Transformthe shapesto the unit spherebeforethe

clustering.

� Incorporate the topological information to algo-
rithms.
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Figure6: Exampleof morphingbetweenmodelof sphereandmodelof Stanfordbunny (randomassignment).

Figure7: Exampleof morphingbetweenmodelof sphereandmodelof Stanfordbunny (usingorthogonalclustering).

Figure8: Exampleof morphingbetweenmodelof sphereandmodelof Stanfordbunny (usingorthogonalclusteringwith
randomnoise).

Figure9: Exampleof morphingbetweenmodelof sphereandmodelof Stanfordbunny (usingaxes-alignedboundingbox
division).

Figure10: Exampleof morphingbetweenmodelof sphereandmodelof Stanfordbunny (usingcovarianceanalysis).



Figure11: Exampleof morphingbetweenmodelof African maskandmodelof Christmasstar(randomassignment).

Figure12: Exampleof morphingbetweenmodelof African maskandmodelof Christmasstar(usingorthogonalcluster-
ing).

Figure13: Exampleof morphingbetweenmodelof Africanmaskandmodelof Christmasstar(usingorthogonalclustering
with randomnoise).

Figure 14: Exampleof morphingbetweenmodel of African maskand model of Christmasstar (using axes-aligned
boundingboxdivision).

Figure15: Exampleof morphingbetweenmodelof African maskandmodelof Christmasstar(usingcovarianceanalysis).



Figure16: Exampleof morphingbetweenmodelof lion andmodelof dinosaur(randomassignment).

Figure17: Exampleof morphingbetweenmodelof lion andmodelof dinosaur(usingorthogonalclustering).

Figure18: Exampleof morphingbetweenmodelof lion andmodelof dinosaur(usingorthogonalclusteringwith random
noise).

Figure19: Exampleof morphingbetweenmodelof lion andmodelof dinosaur(usingaxes-alignedboundingbox divi-
sion).

Figure20: Exampleof morphingbetweenmodelof lion andmodelof dinosaur(usingcovarianceanalysis).


