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Abstract:

The paper deals with an implementation of Voronoi diagrams using Fortune’s method. At first,
Voronoi diagrams are considered briefly. The idea of Fortune’s method is considered then. The
implementation details and used data structure are the main focus of the paper.
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1. Introduction

Voronoi diagram belong to classical problems of the computational geometry. Its origin dates back
into 1850 when it was considered by Dirichlet. The rigid mathematical fundamental was given by
Voronoi in 1908.

Let us have points p;, 0 < i <= n in n-dimensional space P. The set of all points with property that
every point inside the cell is closer to point p; than to any other point from P represents the Voronoi
cell (Figure 1). The union of all Voronoi cells is known as Voronoi diagram.
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Figure 1: Voronoi cell

As seen from Figure 1, the construction of Voronoi diagram consists of repetitive subdivisions of
the space determined by the input points into subspaces to meet the Voronoi criteria:



In many applications, Voronoi diagrams are already the final solution. For example, study of
behavior and maintainance of live creature, which depends on number of neighbors with whom they
are fighting for food and lightness is exactly what Voronoi diagram expresses. However, having a
Voronoi diagram, many important geometric features like searching for the closest neighbor,
Delaunay triangulation, searching for the largest empty circle, minimum spanning tree (Euclidean
tree), can be determined in the linear time.

The first reliable algorithm for their construction has been published by Green and Sibson
[GREE77], although the Voronoi diagrams have been known for a long time. This approach used

incremental method and worked in O(nz) time. The first algorithm requiring O(n log, n) was

suggested by Shamos and Hoey (1975) [PREP85] using divide and conquer approach. However, its
implementation is complicated. In 1985, Fortune presented more elegant approach and it is
described in [BERG97, O’ROU93]. In this paper, we consider primarily the data structures needed
for the construction. In 1986, Edelsbruner and Seidel discovered beautiful connection between
Voronoi diagram and convex hulls in one higher dimension [O'ROU93]|. This method has some
beautiful properties and it is becoming more and more popular.

2. Fortune’s method

In 1985, Fortune invented an interesting algorithm for construction of Voronoi diagram. He used
the sweep-line strategy implemented by many algorithms of computer graphics and computational
geometry. The idea of the algorithm is very simple and its time complexity is O(n log, n) in the

worst case, where » is the number of input points. In the continuation, an idea of the algorithm is
shortly given; details can be find in [BERG97].

Fortune has expanded his observation in 3D. He put coins above all points from set P. All coins are
slanted for an angle of 45°. These coins are scanned with a scanning plane 77, which is also slanted
for an angle of 45° to the xy plane (Figure 2).

Figure 2: During the process of scanning, plane 77 intersects coins

In Fortune’s method, we are interested in intersections of the scanning plane with coins. These
intersections represent a curve of parabolic arcs or parabolic front. This curve has the property that



joints of parabolic arcs lie on intersection of two neighboring coins. The parallel projection of these
two coins on xy-plane represents exactly bisector on which Voronoi edge lies. At first, the method
seems very complicated, but Fortune has had the fortune on his side. If the coins and sweep plane
are considered in xy-plane, we get the sweep line and parabolic front. In Figure 3 it is easy to see
why the curve of the parabolic front is so important. Namely, Voronoi diagram is fully constructed
above the parabolic front and below we do not know anything about it.

Figure 3: 2D representation of Fortune’s method; Voronoi diagram is constructed only above parabolic front

From Figure 3, it can be seen that a topological structure of the parabolic front is changed by sliding
the scanning line over xy-plane. Here the major problem in the construction of data structures is
met. Namely: “When and how the topological structure of parabolic front is changing?” The answer
is hidden in events. Two kinds of events appear. The first is a point event and the second a circle
event.

2.1 Point event

The point event is handled when a new parabolic arc appears on parabolic front. This event happens
exactly when a new arc appears on the parabolic front, or more precise, when the scanning line /
encounters a point p; from set P. Then, the scanning plane 77 hits the coin defined above point p;
for the first time. Because the coin and the scanning plane are slanted for the same angle, the
intersection between them appears as a line on the coin surface. This line is actually a half-edge, but
if it is projected onto xy-plane we can consider it a degenerated parabola with zero width. This
degenerated parabola starts to open as the scanning plane 77 slides over the space. When a new arc
comes across, it splits the existed arc into two parts and becomes a new member of the parabolic
front (Figure 4).
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Figure 4: When point event is encountered a new arc appears on the parabolic front

What happens with Voronoi diagram when a point event is encountered? Lets remember, that a
joint point of two arcs on parabolic front describes the Voronoi edge.



2.2 Circle even






















